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Wave Computation in Compressible Flow Using Space–Time
Conservation Element and Solution Element Method

Ching Y. Loh,¤ Lennart S. Hultgren,† and Sin-Chung Chang‡

NASA John H. Glenn Research Center at Lewis Field, Cleveland, Ohio 44135

The recently developed space–time conservation element solution element method has several attractive features
for aeroacoustic computations.The scheme is robust, possesses almost no dispersion error, and the implementation
of nonre� ecting boundary conditions is simple and effective. The scheme is tested for several problems ranging
from linear acoustic waves to strongly nonlinear phenomena, with special emphasis on mixing-layer instability,
and good numerical results are achieved.

I. Introduction

I N recent years, a conceptually new numerical method for � uid
dynamics computation(CFD) has been developedby Chang and

his collaborators.1¡8 The method is termed the space– time conser-
vation element and solution element (CE/SE) method. It is distin-
guished by the simplicity of its conceptual basis: � ux conservation
in both space and time. The CE/SE method is different in nature
from previous numerical methods. In a nutshell, it systematically
solves a set of integral equations derived directly from the physical
conservation laws. A detailed description and comparison to con-
ventional � nite volume upwind methods may be found in Refs. 8
and 7, respectively. The development of the method was primar-
ily guided by the following requirements/ideas: 1) To enforce both
local and global � ux conservation in space and time, space and
time are uni� ed and treated on the same footing. 2) Fluxes are truly
multidimensional and directly evaluated at the interfaces (solution
elements) of immediately neighboring cells, with no interpolation
and no dimensional splitting. 3) Both dependent � ow variables and
their derivativesare solved for simultaneously;however, there is no
need to extend the computations to a stencil of cells to achieve this.

As has been shown in a series of papers and reports,1¡8 the CE/SE
method is robust enough to cover the complete spectrum of inviscid
� ow from linear acoustic waves all of the way to high-speed � ows
with shocks. In this paper, several select two-dimensional bench-
mark problems, spanning the whole speci� ed range are considered,
to further establish CE/SE as a viable tool for computational aero-
acoustics (CAA). The scheme is used in 1) solving a benchmark
linear CAA problem, 2) computing instability waves on a two-
dimensional compressible free shear layer, which is an important
problem closely related to jet-noise prediction, and 3) simulating
vortex–shock interactions. Both cases 2 and 3 involve nonlinear
effects. The behavior of the CE/SE scheme is illustrated in each
example.

Severalhigher-ordercompactmethodshavebeen employedin the
past by others to solve problems 1 and 2 and have yielded excellent
results, for example,Refs. 9–11. It is not the purposeof this paper to
claim that the CE/SE method would necessarilybe superior to such
methods for a particularapplicationsuch as these two test cases, but
rather to show that the method is capable of solving these types of
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problems effectivelyand accurately,which we believe is a prerequi-
site for CAA computation.The great strength of the CE/SE method
is that it is a very robust, intrinsically shock-capturingscheme and
has no dif� culty in dealing with vortex–shock interactions. There-
fore, it can be expectedto dealeffectivelywith a varietyof important
and real-world CAA problems (nonlinear or linear).

The paper is arranged as follows. The two-dimensional CE/SE
scheme is brie� y discussed in Sec. II. In particular, the novel non-
re� ecting boundary conditions, which are based on � ux balance
rather than the conventionaltheory of characteristicsfor differential
equations, are illustrated. Section III describes the test cases and
their numerical solution, with particular emphasis put on the shear-
layer instability problem. In Sec. IV, the conclusion is drawn that
the CE/SE method is a valuabletool for CAA and hybrid CAA/CFD
computations.

II. Two-Dimensional CE/SE Euler Method
In this section, a prototype of the CE/SE method for the two-

dimensional Euler equations is outlined. A detailed description of
the two-dimensionalCE/SE approachmay be found in Refs. 7 and8.

A. Conservation Form of the Two-Dimensional Unsteady
Euler Equations

Consider a dimensionless conservation form of the Euler equa-
tionsof a perfectgas.Let ½, u, v, p, and ° be the density,streamwise
velocity component, transverse velocity component, static pres-
sure, and constant speci� c heat ratio, respectively. Then, the two-
dimensional unsteady Euler equations can be written in the follow-
ing vector form:

Ut C Fx C Gy D 0 (1)

where x , y, and t are the streamwise and transverse coordinates
and time, respectively, and the conservative � ow variable vector
U D .U1; U2; U3; U4/

T , with

U1 D ½; U2 D ½u; U3 D ½v

U4 D p=.° ¡ 1/ C ½.u2 C v2/=2

and the corresponding� ux vectors in the streamwise and transverse
directions,F andG, aregivenin Ref.8.Moreover,due to theproperty
of theEuler equations,F andG arehomogeneousfunctionsofdegree
1, and hence,

F D @F
@U

U; G D @G
@U

U (2)

When x , y, and t are considered as coordinates of a three-
dimensional Euclidean space E3 and when the Gauss’ divergence
theoremis used, it follows that Eq. (1) is equivalent to the following
integral conservation laws:I

S.V /

Hm ¢ dS D 0; m D 1; 2; 3; 4 (3)

where S.V / is the boundary of an arbitrary space– time region V in
E3 and Hm D .Fm; Gm ; Um/.
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B. CE/SE Structure
In the CE/SE scheme, the � ux conservation relation in space–

time is the only mechanisms that transfers information between
node points. The conservationelement (CE), or computationalcell,
is the � nite volume to which the integral � ux condition (3) is to
be applied and is similar to a control volume in the � nite volume
method.Discontinuitiesare allowed to occur in the interiorof a con-
servation element. A solution element (SE) associated with a grid
node is here a set of three interface planes in E3 that passes through
this node. In contrast to the conventional � nite volume schemes,
not only U but also its derivatives Ux and Uy are de� ned as a set
of unknowns and solved for at these nodes. Within a given solution
element SE. j; k; n/, where . j; k; n/ is the node index, the � ow vari-
ables are not only consideredcontinuousbut are also approximated
by linear Taylor expansions in E3 , that is, in both space and time
(see Ref. 8). Partial derivatives of F and G in these expansions can
be related to the corresponding one of U by using the chain rule
and Ut can be obtained from Eq. (1). The discrete approximationof
Eq. (3) is then

I

S.CE/

H¤
m ¢ dS D 0; m D 1; 2; 3; 4 (4)

where H¤
m D .F¤

m ; G¤
m ; U ¤

m /. Each S.CE/ is made up by surface seg-
ments belonging to two neighboring SEs. All of the unknowns are
solved for based on these relations. No extrapolations (interpola-
tions) acrossa stencilof cells are needed.Conceptually,the physical
conservation laws are strictly followed.

So that the number of equations derived from the stated � ux
conservation law matches the number of unknowns (here 12 scalar
unknowns), the grid needs to be carefully designed.1;8 In the fol-
lowing, a mesh that proves to work well with the CE/SE scheme is
shown. The mesh is staggered in both time and space. In a spatial
plane in E3, the grid nodes (Fig. 1) are grouped as two staggered
sets Ä1 (open circles) and Ä2 (� lled circles). At a given time step,
the unknowns are evaluated only on one of the grid sets, Ä1 or Ä2,
and at the next time step it will be evaluated on the other set, that is,
the spatial sets alternate as time is stepped forward. Within each of
the two sets, Ä1 and Ä2 , the grid points are staggeredby the amount
.1x; 1

2
1y/, where 21x and 1y are the grid increments for � xed

y and � xed x , respectively. The grid set Ä2 is shifted the amount
2
3
1x in x with respect to Ä1. As can be seen in Fig. 1, each interior

node point then has threenearestneighborsat the previoushalf-time
step, t ¡ 1

2
1t , with 1t denoting the time increment for grid points

belonging to either Ä1 or Ä2. Thus, there are three CEs associated
with each node point in this arrangement and, therefore, there are
the same numberof relationsas there are unknowns.Figure 2 shows
the three conservationelements associated with a node point (solid
circle) and its three nearest neighbors (open circles) at the previous
time step. Because of the staggeredspatial grids, the method can be
thought of as a two-step method in time.

The reader is referred to Ref. 8 for full details of the implementa-
tion of the two-dimensional CE/SE Euler method leading to the a,
a–² , and weighted a–² schemes. The ² is an adjustable parameter
that controls the numerical dissipation added to the basic nondissi-
pative CE/SE a scheme, and the weighted scheme is intended for
cases where discontinuitiesmay be present in the inviscid � ow� eld.
The weighted a–² scheme is used in the present study.

Fig. 1 Double staggered grid in E3.

Fig. 2 Three CEs (or control volumes) associated with a grid point at
the current time ( ).

C. Nonre� ecting Boundary Conditions
The nonre� ecting boundary condition plays an important role

in CAA and computational � uid dynamics. Without a suf� ciently
effective nonre� ecting boundary condition, re� ected signals will
inevitably contaminate the computed � ow� eld or lead to a heavy
CPU time consumption before � nal or suf� cient convergence is
achieved. Theoretical analysis and numerical practice of the non-
re� ecting boundary condition have been a research topic for a
long time, for example, Refs. 9–18. Generally speaking, most
of these techniques are based on a fundamental result in partial
differential equation theory, namely, that signals propagate along
characteristics. If one can stop the signal from re� ecting back
along a characteristic, the boundary condition will be nonre� ect-
ing. In the current literature, generally there are three methods
to implement a nonre� ecting boundary conditions. They are as
follows.

The � rst method is the use of one-dimensionalcharacteristicvari-
ables (Riemann invariants) in the normal direction of the bound-
ary. Engquist and Majda13 express the nonre� ecting boundary con-
dition as the requirement that the local perturbation propagated
along incoming characteristics be made to vanish. In practice,
this consists of projecting the equations onto the normal direction
of the boundary, converting the conservative variables to char-
acteristic variables, � nding the characteristics that enter the do-
main, and � nally setting the corresponding characteristic variable
to zero. Although such a procedure is delicate and tedious, it is
still the most popular boundary treatment among most of the CAA
schemes.9;10;12¡16

The second method is minimization of the re� ections from the
boundaries by inserting a buffer zone between the core computa-
tional domain and the boundary; for example, see Refs. 10 and 16.
The most recent development in this area is the so-called perfectly
matched layer (PML) method17;18

The third method is the use of an asymptotic analytical solution
at the far-� eld boundary.11

In the CE/SE scheme, the idea of characteristics stemming from
differentialequation theory does not properlyapply because a set of
integral equations instead of differentialequationsare being solved.
For the nonre� ecting boundaryconditionfor the CE/SE scheme, the
following basic criterion is adopted: In a CE (or generalized CE5 )
locatedat the numericaldomainboundary,a nonre� ectingboundary
condition is equivalent to letting the incoming � ux from the interior
domain to the boundary CE smoothly exit to the exterior of the
domain.

This principle is conceptually different from that of the method
of characteristics and is much simpler to implement. Chang et al.5

have detaileddiscussionsand examples of various implementations
of this criterionfor the one-dimensionalcase. It was demonstratedin
their paper that only negligible re� ection occurs even when a shock
passes through a boundary with this type of � ux-based condition.

It is believedthat the same basicprinciplefor implementinga non-
re� ecting boundary conditions for the CE/SE scheme carries over
to the two-dimensional (or even higher dimension) case. As a mat-
ter of fact, the two-dimensional nonre� ecting boundary conditions
described here have been successfully applied to CAA computa-
tions for a while.2¡6 There are various versions of the nonre� ecting
boundary condition and the following are typical ones employed
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in our computations. For a grid node . j; k; n/ lying at the domain
boundary, the � rst one, labeled type I, requires that

.Ux /n
j;k D .Uy/

n
j;k D 0

while Un
j;k is kept � xed at the initially given steady boundary value.

Type II, for cases where there is a substantial gradient in, for exam-
ple, the y direction, requires that

.Ux /n
j;k D 0

while Un
j;k and .Uy/

n
j;k are now de� ned by simple extrapolationfrom

the interior, that is,

Un
j;k D U

n ¡ 1
2

j 0;k 0 ; .Uy/
n
j;k D .Uy /

n ¡ 1
2

j 0 ;k 0

The proposednonre� ectingboundaryconditionsare all simple, truly
multidimensional,and effective.Our experiencesshow that, in gen-
eral, the re� ection amounts to about 1%. For boundaries with an
abrupt change, for example, a shock passing through, the re� ection
is somewhat higher.

III. Two-Dimensional Numerical Test Problems
The two-dimensional CE/SE Euler scheme is tested to demon-

strate its capability and robustness for aeroacoustics computations.
Several selectedbenchmarkproblems in linearaeroacousticsas well
as nonlinearaeroacousticscomputationsare considered.The numer-
ical results, which cover a wide spectrum of waves, from linear and
nonlinear acoustic waves to discontinuouswaves (shocks), are then
compared to available exact solutions. The behavior of the CE/SE
scheme is illustrated in each example.

A. Acoustic Pulse, Entropy Wave, and Vorticity Wave Propagation
For the two-dimensional aeroacoustics computations, we begin

with the benchmark problem on linear acoustic waves from the
NASA Langley Research Center CAA Workshop19 (category 3,
problem 1). The computational domain in the x – y plane is a rect-
angular one with ¡100 · x · 100 and ¡100 · y · 100. A uniform
200 £ 200 grid is used with 1x D 1y D 1, cf. Fig. 1. Initially, a
Gaussian acoustic pulse is located at the center of the domain
(x D y D 0), and a weaker entropy/vorticity disturbance is located
off center (x D 67; y D 0/. The uniform backgroundmean � ow is in
the x directionwith Mach number M D 0:5. After appropriatenondi-
mensionalization, the correspondingpressure, density, and stream-
wise and transverse velocity components are given by

p D .1=° / C ± exp
£
¡®1.x

2 C y2/
¤

½ D 1 C ±
¡¡
exp

£
¡®1.x2 C y2/

¤
C 0:1 exp

©
¡®2[.x ¡ 67/2 C y2]

ª¢¢

u D M C 0:04±y exp
©
¡®2[.x ¡ 67/2 C y2]

ª

v D ¡0:04±.x ¡ 67/exp
©
¡®2[.x ¡ 67/2 C y2]

ª

where ®1 D 2
9 , ®2 D 2

25 , and ± is an amplitude factor. All of the
conditions are set exactly the same as in the workshop benchmark
problem (this includes the number of spatial grid points used) ex-
cept for the amplitude factor ±. In the CAA workshop, the problem
was solved based on linearized Euler equations, and the amplitude
factor can be chosen as unity. Because the CE/SE scheme is based
on the fully nonlinear Euler equations, linearization is achieved by
choosing a small amplitude for the acoustic waves. For example,
one may choose ± D 0:001 as is done here. As is well known, for
example, Refs. 11 and 19, the two-dimensional linearized Euler
equations support three types of waves, namely, pressure, entropy,
and vorticitywaves. For the presentproblem, the exact solutionscan
be expressed in terms of Bessel functions.19 These exact solutions
will be used to compare with our numerical results.

A large 1t [large Courant–Friedrichs–Lewy (CFL) number] and
a small ² are suggested for aeroacousticscomputation to reduce nu-
mericaldampingasmuchas possiblein theCE/SE scheme.1t D 0:6
(correspondingto CFL D 0:91) and ² D 0:1 were used in this exam-
ple. This time step is comparable to those used by others in Ref. 19.

a) Constant density contours

b) Constant u-velocity contours

Fig. 3 Propagation of an acoustic pulse and a vorticity/entropy distur-
bance.

In addition, with the absence of � ow discontinuity, the weighted
average index ® in the CE/SE scheme is set to zero to avoid any
excessive numerical dissipation.

During the computation, the nonre� ecting boundaryconditionof
the described type I is enforcedat all of the four sides of the compu-
tational domain. Generally speaking, if the re� ection coef� cient Cr

is de� ned as Cr D . fnumerical ¡ fexact/= fmax , where f is any perturbed
� ow variable such as pressure, density, etc., the preceding simple
nonre� ecting boundaryconditions render a Cr in the range of about
1%, which is comparable to any of the characteristic-type nonre-
� ectingboundaryconditionscommonlyused for conventional� nite
differenceor � nite volume schemes. Figure 3 shows the isopycnics
(density) contours and u-velocity contours at t D 30, 40, 50, 60, 70,
80, 100, and 200 in eight frames. The acoustic-pulsering is clearly
displayed; it propagates in all directions with the speed of sound,
while being convected downstream by the mean � ow. Figure 3 also
demonstrates that the entropy and vorticitydisturbances, that is, the
nonacousticones,are convecteddownstreamby the mean � owwhile
essentially remaining intact. Figure 3 shows that the simple nonre-
� ecting boundary condition is effective; practically no re� ection is
observedwhen the (pressure,entropy,and vorticity) waves cross the
domain boundaries.The worst situationoccurs in the vicinity of the
domaincorners.Figure 4 shows the comparisonof perturbeddensity
distributions along the domain horizontal centerline with the exact
solutionsat t D 60 and 100, respectively.It is seen that the numerical
results agree well with the theoretical ones. No visible dispersion
error or numerical re� ection at the exit boundary is observed.

B. Free Shear-Layer Instability
In the next two examples, using the CE/SE Euler scheme, we

study the inviscid linear and nonlinear instability properties of a
free shear layer. This important class of � ows forms the basis of jet
noise generation theory and has been the subject of many detailed
analytical and experimental studies.

The direct numerical computation of the shear-layer instability
is compared with linear results obtained using the normal mode
approach.The backgroundmean � ow consistsof a fast streamon the
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a) t = 60

b) t = 100

Fig. 4 Perturbation density along y = 0.

top half-domain and a slow stream at the bottom half, with the two
parallel streams connected by a continuouslychanging shear layer.
The streamwise velocity,density, and pressure in the fast stream are
taken as velocity, density, and pressure scales, respectively, for the
nondimensionalization. The length scale is taken as ±=2, where ± is
the vorticity thickness and is de� ned as

± D .U1¤ ¡ U2¤/

¿³
dU¤

dy¤

´

max

with the subscript ¤ here denoting dimensional quantities. In a par-
allel � ow, the mean pressure is constant, and the mean transverse
velocityvanishesall over the domain,whereas the mean streamwise
velocity and density pro� les must be speci� ed.

In the linearstabilitytheory,thenormalmodeassumptionis made,
that is,

Á.x; y; t/ D OÁ.y/ exp[i.®x ¡ !t/] (5)

where Á.x; y; t/ are the perturbation velocities u 0, v 0, pressure p0,
or density ½ 0 and ® and ! are the complex wave number and real
angular frequency of the disturbance, respectively. We note that
Ou, Ov, Op, and O½ are also complex functions in general. When the
preceding perturbations are added to the corresponding mean � ow
variables and substituted into the two-dimensionalEuler equations,
a set of equations for the unknown perturbation � ow variables is
obtained. Assume that the mean � ow variables satisfy the Euler
equations and eliminate those terms of second order or higher, then
the compressible Rayleigh equation in terms of the perturbation
pressure eigenfunction component Op can be achieved after some
manipulation:

d2 Op
dy2

¡
³

2U 0

U ¡ c
¡

T 0

T

´
d Op
dy

¡ ®2

µ
1 ¡

M2
1

T
.U ¡ c/2

¶
Op D 0 (6)

where the prime now represents derivatives with respect to y, M1

is the Mach number of the fast � ow, U and T are the mean � ow
streamwise velocity and temperature, and c D !=®. The use of the

Fig. 5 Spatial growth rate; ¡¡ ®i vs angular frequency ! for linear
shear-layer perturbations.

temperature T is simply a matter of convenience; it can be deduced
from the mean � ow pressure and density.

To be speci� c, the streamwise mean � ow velocityU is here taken
as

U .y/ D 1 C R tanh y

1 C R
(7)

where R is thevelocityratioof the shear layer.We furtherassume for
simplicity that the Prandtl number is unity and the mean � ow tem-
perature T distribution is then obtained from the Buseman–Crocco
relation:

T D T2 C [.1 ¡ T2/=.1 ¡ U2/].U ¡ U2/ C 1
2
.° ¡ 1/

£ M2
1 .U ¡ U2/.1 ¡ U / (8)

where the subscripts1 and2 are the fast streamand slowstreamvari-
ables, respectively. T in turn yields the density distribution across
the shear layer. As in Ref. 9, we choose the parameters

R D 0:15; M1 D 1:5; T2 D 1:85

Then the nondimensional� ow states are worked out as

U1 D 1; V1 D 0; p1 D 1=3:15

T1 D 1; ½1 D 1; M1 D 1:5

U2 D 0:7391304; V2 D 0; p2 D 1=3:15

T2 D 1:85; ½2 D 0:5405405

Under the preceding conditions, with an appropriate ! chosen,
the complex eigenfunction component Op D Opr C i Opi and the cor-
responding eigenvalue ® D ®r C i®i , where the subscripts r and i
are real and imaginary parts, respectively, can be found by solv-
ing the compressible Rayleigh equation (6). The solution proce-
dure consists of a shooting method utilizing an Adam–Bashforth
predictor–corrector scheme. Once Op is computed, the other eigen-
function components Ou, Ov, and O½ can be obtained through simple
algebraic or differential relations. Figure 5 shows the relation be-
tween ! and ¡®i , the latter of which is the spatial (exponential)
growth rate of the disturbance.In the test, we shall choose the value
of ! that corresponds to the maximum growth rate (most unstable).

In the test examplesto follow, thecomputationaldomainspansbe-
tween 0 · x · 300 and ¡10 · y · 10, with a grid of 601 £ 101, re-
spectively,that is,1x D 0:5 and1y D 0:2 in Fig. 1. To reducethenu-
merical damping as much as possible, the time step size 1t D 0:15,
² D 0:2, and the weighted average index ® D 0 were found appro-
priate. The computation of the unsteady � ow is carried out until
t D 390 ensuring that the spatial instability is fully developed.
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Fig. 6 Power spectra at x = 150 and 250 for natural (unforced) case;
coarse grid.

1. Inherent Instability of a Free Shear Layer
In our � rst example, no disturbanceis imposed on the shear layer.

Nonre� ecting type-Iboundaryconditionsare imposedat the top and
bottom of the computational domain and a nonre� ecting type-II
boundary condition is imposed at the downstream boundary be-
cause there is a strong mean � ow gradient parallel to that boundary.
The initial conditions for the computation is that the � ow equals
the prescribed mean � ow everywhere. Because there is no distur-
bance, the in� ow boundary condition is exactly the same as the
initial condition. Ideally, in the absenceof any forcing, the � ow� eld
should remain at its original value for all times. However, although
no disturbance is intentionally imposed on or introduced into the
� ow, the shear layer is in reality continuously stimulated at a very
low level as a result of truncation, roundoff, and discretization er-
rors (numerical noise). Among these tiny excitations, those whose
frequency falls within the unstable frequency range (see Fig. 5)
will grow and all others will eventually decay out. From Fig. 5, it
can be seen that the unstable (nondimensional) angular frequency
range, for the parameters under considerationhere, is 0 < ! < 0:86
or 0 < f < 0:137, where f D !=2¼ is a nondimensionalfrequency.
The maximum growth occurs for ! D 0:39 or f D 0:062. Figure 6
shows the power spectrum Pn of the computed streamwise pertur-
bation velocity component u0 in natural log scales at the stations
x D 150 and 250 vs the normalized frequency fn . It is observed in
Fig. 6 that disturbancesamplify within the unstable frequencyrange
given by linear stability theory, that is, the shear layer is a select am-
pli� er, with the resulting broad peak in the spectra centered about
the most unstable frequency.

2. Linear, Nonlinear Instability of a Free Shear
Layer and Vortex Rollup

In studyingthe instabilityof a free shear layer and the consequent
vortex rollup and noise generation, one is mainly interested in the
most unstable mode that dominates the nonlinear vortex rollup. To
investigate such instabilities, from now on we shall enforce a small
harmonicperturbationat a singlefrequencyat the inletboundaryand
compute the resulting developmentof the spatial instability wave.

From the chart of ! vs ¡®i (Fig. 5), it can be observed that the
exponential growth rate ¡®i reaches its maximum of about 0:026
when the angular frequency ! D 0:39, and the latter is the value
used in the following test example. The complex spatial eigenvalue
® D 0:43693¡ 0:02607i and the corresponding eigenmode is then
determined by solving the compressible Rayleigh equation (6) for
this value of !. The eigenfunctionis normalized such that the maxi-
mum rms value of the streamwise velocity component is unity. The
forcing at the inlet boundary (x D 0) then has the form

Á D ±[ OÁr cos!t C OÁi sin !t ] (9)

@Á

@x
D ±[¡. OÁr ®i C OÁi ®r / cos !t ¡ . OÁi ®i ¡ OÁr ®r / sin !t ] (10)

Fig. 7 Power spectra at x = 050, 100, 150, and 250 with forcing at the
most unstable frequency according to linear theory; coarse grid.

Fig. 8 Power spectra at x = 050, 100, 150, and 250 with forcing at most
unstable frequency according to linear theory; � ner grid.

@Á

@y
D ±[ OÁ0

r cos!t C OÁ0
i sin !t ] (11)

where Á is any of the eigenfunctioncomponentsu 0, v 0, p0, or ½ 0, and
± is the forcing amplitude. To fully demonstrate the capability of
the CE/SE scheme to compute both linear and nonlinear instability
waves, the forcing amplitude ± is taken to be 1=1000.

Figure 7 shows the power spectrum Pn of the computed u 0 in
natural log scale at the streamwise stations x D 50, 100, 150, and
250, which correspond to about 3:5, 7 wavelengths, and so on. At
x D 50, there is a clearlydiscernablepeak centeredabout the forcing
frequency f D 0:062. At about x D 100, secondand third harmonics
start to emerge. Farther downstream, more harmonics appear, and
eventually the fundamentalsaturates.To assess the grid dependence
of thenumericalresults,thecomputationwas repeatedwith half-grid
sizes and time step size. The correspondingpower spectra is shown
in Fig. 8. Comparing Figs. 7 and 8 shows that they are quite similar
except that, as expected, the � ner grid allows higher harmonics to
be better resolved.

The streamwise evolution of the disturbanceamplitude along the
horizontal centerline y D 0 is shown in Fig. 9. Numerical results for
both the coarse and � ner grids are presented and compared to the
theoretical linear growth. It is seen that for 0 · x · 100 (about 7
wavelengths) the coarse-gridand � ne-grid computationsyield good
agreement both between themselves and with the linear result. Far-
ther downstream, nonlinear effects become important, the growth
rate is reducedfrom the linearvalue, and ultimately the fundamental
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Fig. 9 Streamwise evolution of disturbance amplitude with forcing at
the most unstable frequency according to linear theory: ¤, total urms ,
coarse grid; M, total urms , � ner grid; , urms at forcing frequency, coarse
grid; £ £ , urms at forcing frequency, � ner grid; and ——, linear growth.

Fig. 10 Streamwise evolution of disturbance phase with forcing at the
most unstable frequency according to linear theory: , coarse grid; £ £ ,
� ner grid; and ——, linear result.

saturates. Both numerical results also agree reasonably well with
each other in this nonlinear region. As the fundamental wave con-
tinues to roll up, the deviation between the results for the two grids
becomes larger indicating that further grid re� nement is needed in
this region. However, the qualitative behavior of the curves are the
same even here. The computations show that the results are, in gen-
eral, grid independent,but with some room for further improvement
in the later part of the nonlinear stage.

Figure 10 shows the streamwise evolution of the disturbance
phase. The numerical results for both the coarse and � ner grids
are compared to the corresponding result from linear theory. The
agreement is surprisinglygood until well into the nonlinear region.
This means that even though the growth rate of the disturbance is
reducedby nonlineareffectsits wave length is essentiallyunaffected
by the nonlinearity.

Figure 11 compares the normalized ju0j pro� le across the shear-
layer � ow with the eigenfunction from linear stability theory at the
streamwise station x D 100, which is located toward the end of the
linear growth region. The agreement is excellent. The phase varia-
tion across the shear layer of the disturbance at the same station is
shown in Fig. 12. Except for a small region at the top, the agreement
is also very good here.

Figure 13 shows the vorticity contours from both the coarse and
� ner grids. Vortex rollup is clearly observed in Fig. 13. Both com-
putations present almost identical results except that the � ner-grid
result, as expected, leads to a sharper image in the later stages. Fig-
ure 13 also shows isobars for the � ner-grid computation.Figure 13
clearly demonstrates the effectiveness of the nonre� ecting bound-
ary conditions at the top, bottom, and outlet. We emphasize that the
domain shown in the � gures is exactly the computational domain,
no buffer zones, cutoffs, or other numerical � xes are applied.

Fig. 11 Transverse modeshape at x = 100with forcing at mostunstable
frequency according to linear theory, � ner grid: ¤, total urms; , urms
at forcing frequency; and ——, linear eigenfunction (modulus).

Fig. 12 Transverse phase variation at x = 100 with forcing at most un-
stable frequency according to linear theory, � ner grid: , urms at forcing
frequency, and ——, linear eigenfunction (phase).

C. Multiple Interaction of a Strong Vortex and Shocks
As a last numerical example, the multiple interaction of a strong

vortex and oblique shocks is considered to illustrate that the CE/SE
scheme is capable of handling highly nonlinear waves and com-
plicated wave interactions. It is well-known that the interaction be-
tweena vortexand a shockmay generateacousticwaves.20¡24 To our
knowledge, most research on this topic, including both experimen-
tal and numerical computation, concentrateson a single interaction
between a vortex and a normal shock. Results obtained by us using
the CE/SE method for this simpler situation24 qualitatively agree
well with those obtained by other methods.21;22 Yet only a modest
150£ 150 spatial grid was used in our CE/SE computation com-
pared to the denser grids used by others, for example, 480 £ 280 by
Ellzay et al.21 and 300£ 300 by Kao et al.22

A grid of 401 £ 101 nodes is employed in the current problem
with 1x D 1y D 1 (cf. Fig 1). The in� ow boundary condition is
given as a supersonic � ow with a Mach number of 2.9:

u0 D 2:9; v0 D 0; p0 D 1=1:4; ½0 D 1

The boundary condition at the top is an inclined � ow:

ut D 2:6193; vt D ¡0:50632

pt D 1:5282; ½t D 1:7000

The out� ow boundarycondition is the type-II nonre� ecting one and
the bottom is a solid re� ecting wall. Then, a steady oblique shock is
formed with 29-deg inclinationand re� ectedat the bottomwall. The
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Fig. 13 Isobars (� ne grid), vorticity contours for coarse and � ne grids,
all at t = 390.

� ow with shocks is pre-calculated until a steady state is reached. It
is then used as the background mean � ow for further computation.

At t D 0, a strong Lamb’s vortex is placed at x D 22 and y D 60.
In a polar coordinates, the azimuthal and radial velocities of a
Gaussian-type Lamb vortex are given as

uµ D ¡re¡ar2
; ur D 0

respectively. In this case, the momentum and energy equations re-
duce to

dp

dr
D

½u2
µ

r
(12)

°

° ¡ 1

p

½
C

u2
µ

2
D H0 (13)

where H0 is a prescribed total enthalpy. When these two equations
are combined, a differential equation for p is obtained that can
be easily solved using numerical integration. Once this is accom-
plished, ½ and the entire stationary � ow� eld are also determined
by using the preceding equations. The solution for this stationary
vortex can then be superimposed on any uniform mean � ow with a
given streamwise velocity u0 .

In the numerical problem considered, uµ and ur are converted to

u D ±ye¡ar2
; v D ¡±xe¡ar2

a) Isobars

b) u-velocity contours

Fig. 14 Multiple interactions of a strong vortex and shocks producing
nonlinear acoustic waves at t = 2, 20, 38, 56, 74, 92, 110, 128, 146, and
180.

where ± D 0:3 is the chosen amplitude factor. As already discussed,
p and ½ are functions of r D [.x ¡ u0t/2 C y2]1=2 . This stationary
vortex is, thus, superimposed on the background mean � ow. The
vortex is large and strong, because the pressure in the vortex center
dips down to about 7% of its circumferential value. Because of the
presence of shocks, the CE/SE scheme needs to have certain nu-
merical damping. For this purpose, a weighted average index ® D 2
and ² D 0:5 were chosen. The boundary conditions are the same as
the oblique shocks computation.We chose a D 2

784
and 1t D 0:2

and ran 900 time steps. Figure 14 demonstrates the shock–vortex
interaction at the different times t D 2, 20, 38, 56, 74, 92, 110, 128,
146, and 180. The vortex propagates downstream while remaining
intact before colliding with the oblique shock. As it propagates far-
ther, it begins to interact with the � rst oblique shock (Fig. 14; plots
2 and 3). During the interaction, both the vortex and the shock are
distorted. The straight oblique shock � rst changes to an S shape
but then recovers its original straight-line shape. Figure 14, plot 2,
shows how the collisiondisrupts the vortex.The rupturedvortex can
no longer remain intact and begins to release its kineticenergy in the
form of strong (nonlinear) acoustic waves (pressure amplitude is as
high as 17% of the � eld maximum). The phenomenon is consistent
with experiments and numerical computations for a normal shock–

vortex interactionby other investigators.20¡24 In Fig. 14, plots 3 and
4, the disrupted eddy continues to emit acoustic waves. Some of
the waves pass through the re� ected shock and are re� ected from
the solid wall. In Fig. 14, plot 5, the weakening vortex is convected
farther downstreamand collideswith the second oblique shock. It is
then disruptedagain and releases more energy in the form of acous-
tic waves. Figure 14 plots 6–8 show that more acoustic waves are
emitted and that the vortex reduces its size (to about one-quarter
of its original size) and its kinetic energy as well. Figure 14, plots
9 and 10 show the vortex propagating out from the computational
domain along with the acoustic waves it generates, and the oblique
shocks resume their original shapes.
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IV. Conclusions
In the application of the recently developed CE/SE scheme to a

select variety of typical, nontrivial, and relevantCAA problems,we
have demonstratedthe followingattractive featuresof the approach.

1) The present (second-order) CE/SE scheme is ef� cient and
yields high resolution, low dispersion results similar to those of
higher-order conventional schemes.9;11;16;19

2) The novel nonre� ecting boundary condition based on � ux bal-
ance is easy to implement and removes the need for (or minimizes
the size of) buffer zones.

3) The CE/SE scheme is capable of handling both continuous
and discontinuous � ows1¡8 and, thus, provides a unique numerical
tool for � ow situations where sound waves and shocks and their
interactions are important such as the jet screech noise problem.

To optimize the numerical performance of the scheme, it is es-
sential to choose a large CFL number and a small ² in any CAA
computation.
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